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Activities and Findings
Research and Education Activities:
The research program under this grant was completed with considerable success, resulting in more than 30 research publications, listed in the
publications section, and moreover, several students were supported by this grant and two of them have completed their Ph.D's while supported
by this grant.  

Throughout the time they were supported by this grant, Carlen and Loss  collaborated on problems in kinetic theory and functional analysis.  In
one of the highlights of this work Carlen and Loss, together with Jeff Geronimo,  computed the exact spectral gap in the Kac model for physical
collisions -- momentum and energy conserving -- in three dimensions [CL6]. The methodology builds on the previous work of Carlen,
Carvalho and Loss, but introduced new techniques for using more detailed information about a kinematical 'correlation operator' to get bounds
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on the spectrum of the generator of the Kac walk.   

The research on the correlation operator arising in the Kac model has led to interesting unanticipated developments: Carlen, Loss and
Geronimo have written a paper giving simple, completely elementary proofs of Gasper's and Bochner's theorem on the Markov sequence
problems for the Jacobi polynomials [CL35],  and this has lead to further developments with more work in progress.
Findings:
Loss made contributions to a variety of fields. Jointly with Baker and Stolz he characterized the minimizing energy configurations in the
random displacement model and showed that in two and higher dimensions these configurations are essentially unique [L11, L26].  This work
is significant for two reasons. For one it introduces a new technique for analyzing the lowest Neumann eigenvalue as a function of the position
of the potential (bubbles tend to the boundary) and, moreover, it is substantial progress towards proving localization in the random
displacement model.

In [L2] , which is joint work with Miyao and Spohn, the existence of ground states of moving atoms in non-relativistic quantum
electrodynamics (QED) is proved. The significance of this paper is that the result holds under natural, non-technical conditions. All previous
results assumed that the fine structure constant and the ultra-violet cutoff are sufficiently small.  Likewise in [L27], again work with Miyao and
Spohn, it is shown that various QED-systems have degenerate eigenvalues once the spin of the electron is included. This follows by a careful
analysis of the Kramers degeneracy. It explains why, without and external magnetic field, there is no level splitting in the spin.

In [L18, L21] which is joint work with Dolbeault and Esteban, the Dirac hydrogen atom interacting with a strong magnetic field is analyzed in
depth. In particular there is a critical size of the magnetic field at which the lowest eigenvalue penetrates the lower continuum. Curiously, the
lowest Landau level approximation does not yield a very good result for the size of this critical field.

Some significant papers in pure analysis are [L8,L9] jointly with Esteban in which the old problem of self-adjointness for Coulomb-Dirac
operators is put to rest. The results hold up and including the critical charge of the nucleus which is not the case with the previous results. In
[L16], which is joint work with Dolbeault and Laptev, a simple proof of Lieb-Thirring inequalities is given with constants that, while not sharp,
are the best known up to now. The paper [L10], with Benguria and Frank, deals with the Hardy-Sobolev-Maz'ya inequality in a half space for
the special case of three dimensions. The surprising result is that the sharp constant in the inequality is the same as the Sobolev constant despite
the fact that the derivative term is weakened by the Hardy term.  In more than three dimensions this is no longer true. This development has
piqued the interest of my graduate student Craig Sloane, who is investigating the analogous Hardy-Sobolev-Maz'ya inequalities for fractional
derivatives. He has obtained a number of results which are published soon. Likewise, Amit Einav, another student of Loss, motivated by
[CL31]   has been investigating entropy production inequalities for the Kac model. He has already obtain some very nice results and is in the
process of writing these up.

Carlen has made several contributions in dissipative evolutions. In a paper with A. Blanchet and J. A. Carrillo [C34],   the long time behavior of
critical mass solutions of the Patlak-Keller-Segal system is studied, and basis of attraction are found for the steady state solutions. These steady
state solutions are minimizers of the logarithmic Hardy-Littlewood-Sobolev inequality, and are also stationary solutions of a certain porous
medium equation.  The analysis in this work turns on a surprising relation between the Patlak-Keller-Segal system and the porous medium
equation, and involves the development of a number of new functional inequalities.   The paper makes use of optimal mass transportation
techniques, and extends existing methods to work in what is a challenging 'critical' setting. Other contributions to the use of optimal mass
transportation in variation problems are made in the paper [C11] by Carlen, Carvalho, Esposito, Lebowitz and Marra.

Together with Carvalho and Lu, Carlen has completed an investigation [C29] of the spatially homogeneous Boltzmann equation with soft
potentials. This paper provides much improved bounds on both the growth of moments, and the rate of convergence to equilibrium for soft
potentials, and introduced a range of new techniques. Soft potentials are physically relevant, but technically much more difficult to deal with
than hard potentials.

While supported by  this grant, Carlen has continued to work on optimal matrix inequalities. Results obtained in this are, in joint work with
Lieb, are in [C19] and  in [C22] which develops non-commutative analogs of Brascamp-Lieb inequalities. This paper uses an extension to the
non-commutative setting of recent results of Carlen and Cordero [C25], also supported by this grant.
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Math. Theor., p. 13pp, vol. 41, (2008). Published,  
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Poincare, Nonlinear Analysis (available on line), p. 1675-1700, vol. 26, (2009). Published,  
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[CL32] E. A. Carlen, J. Geronimo and M. Loss, "On the Markov sequence problem for Jacobi polynomials", Revised and extended version
submitted to Advances in Math, p. , vol. , (2009). Submitted,  
[C28] E. A. Carlen and R. Vilela Mendes, "Signal reconstruction by random sampling in chirp space", Nonlinear Dynamics, p. 223-229, vol.
56, (2009). Published,  
[C22] E. A. Carlen and E. H. Lieb, "Bascamp-Lieb inequalities for non-commutative integration", Documenta Mathematica, p. 553-584, vol.
13, (2008). Published,  
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[CL31] E. A. Carlen, M. C. , Carvalho, J. Le Roux,  M. Loss and C. Villani, "Entropy and chaos in the Kac model", Kinetic and Related
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1)", Comm. Math. Phys., p. 1065-1086, vol. 28, (2009). Published,  
Books or Other One-time Publications
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Besides publication in refereed journals, our work is disseminated through the archive  http://arxiv.org/  and on the PIs URLs listed above. All
of these papers acknowledge NSF support.
Other Specific Products
Contributions
Contributions within Discipline: 
 
Contributions to Other Disciplines: 
 
Contributions to Human Resource Development: 
Loss's student Craig Sloane is progressing towards his thesis, with papers in progress as noted above, as is Amit Einav.  Carlen's student
Suleyman Ulusoy graduated with his Ph.D. in August 2007, spent two years a postdoctoral fellow at the Centre of Mathematics for Application
at the University of Oslo, and is now that the University of Maryland in a second postdoctoral position.  Two papers of his, one joint with
Carlen, were written while Ulusoy was supported by this grant.  A second student of Carlen, Jogia Bandyopadhyay,  defended her Ph.D. thesis
in April 2008, and is now a  postdoctoral fellow at the University of Helsinki. Her supported thesis work is published in Comm. Math. Phys., 28
no. 3 (2009) 1065-1086.
Contributions to Resources for Research and Education: 
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